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20. ABSTRACT (Cont.)

truncated Gaussian kernels is achieved by applying a recursive formula,
developed by Richard A. Tapia and James R. Thompson, optimizing the kernel
function's smoothing parameter for the FIST FDT&E 11 samples and ior Monter
Carlo simulations.
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I. INTRODUCTION

One technique for producing nonparametric estimates of a sample's underlying pro-
bability density function and its associated cumulative distribution function is kernel
estimators. A kernel density estimate, f(z), is defined for a sample with values
xi,x... x. at each fixed point z as follows:

where
4z) 0 for all z

f i(z)dz=l

where the kernel function K is a probability density function symmetric about zero and
the data-based smoothing parameter h is strictly positive.' A kernel estimate of a
sample's underlying cumulative distribution function, F(z), can be computed by
integrating f(z) with the kernel function's proper limits of integration.

Kernel estimators, however, are plagued with problems ranging from choosing an
appropriate kernel estimator, assessing the robustness of a kernel estimator and deter-
mining the optimum value for the kernel estimator's smoothing parameter given a par-
ticular sample. Despite these limitations kernel density estimators should not be over-
looked among other nonparametric estimators such as histograms.

The purpose of this paper is to present an introduction to kernel estimators by exa-
mining the Gaussian and Lognormal kernels. These kernel estimators will be applied to
two Artillery Target Intelligence message (ATIs) samples (Tables I and 21 from the
Fire Support Team (FIST) Force Development Testing and Experimentation U fFDT&E
11) conducted by the U.S. Army Field Artillery Board at Fort Riley, KS durinz April
and May 1984.3 Although a kernel density estimate is defined as a normalized density
estimate, the figures in this report will depict unnormalized density estimates based on a
size spacing, z. equal to one tenth of a second. Work with these samples su-ested
modifying both the Gaussian and Lognormal kernels. Subsequently. these modified ker-
nels will also be presented. In addition, the previously mentioned problems associated
with kernel estimation will be examined to clarify the magnitude of their influence and
to show the usefulness of kernel density estimation.

IScott. David W and Factor, Lynette E.. "Monte Carlo Study of Three Data-Baaed Nonparametnc Prjbabilitv Den.tv
Estimators." lore of the Amentes Satetiedl calAaocatheu. vol. 76, no 373, March 1981, p 10 .

-Kate, Virginia A., Brodees. Douglas C and Winner. Wendy A. "DescrIptiom of the Digital Data Collected from the F'!S_
FDTkE 11 Ballistic Research Laboratory Technical Report No. 2676 g5 995

IS BLANK
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C-* TABLE I. FIST HQ Service Time
AT! Auto

FEX Iand FEU

aService Time Number of
(seconds) Occurrences

0 1

2 2
3 4

101
12
141

451

Total Number of Service Time Observations 31

TABLE 2. FIST HQ Service Time
AT! Review

FEX I and FEX Ul

Service Time JNumber of
(seconds) JOccurrences

01

12
2 3

161

"17

331
351
691

1121

4441

8501

Total Number of Service Time Observations
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H. GAUSSIAN KERNEL

Definition

A Gaussian kernel estimate of a sample's underlying probability density function
*i uses the normal probability density function for the kernel function and is defined as fol-
-.- lows:3

Forz: ze R,-oo < z < o.

-___-I I I"1l) - = ' a -:2 'h ....
nw h e

iI

Since the normal probability density function is a unimodal function symmetric about
zero and defined for values ranging from -co to oc, this kernel density estimator can be
applied to real-valued samples whose sample values range from -oo to xo. In addition,
this kernel will produce a density estimate that is symmetric about each sample value.
Appendix A contains a user's guide for the FORTRAN programs provided in Appen-
dices B through G. Appendix B contains the FORTRAXN code programming the Gaus-
sian kernel's estimate of a sample's underlying probability density function and cumula-
tive distribution function.

Application of the Gaussian kernel to the FIST HQ samples

Figures I through 3 present Gaussian kernel density estimates for the ATI Auto
sample superimposed on the sample's histogram showing the number of service time r
observations. Each of these estimates was produced by using different values for h. the
data-based smoothing parameter. Figure I with h equal to 2.00 seems to oversmooth
this FIST HQ service time sample. In this report, mode refers to the number of "local
maxima" in a density estimate and differs from the statistical definition of mode(e.g.,
the observation(s) which occur(s) with the most frequency). Figure 2 with h equal to
1.00 produces a density estimate with five significant modes and seems to OIve an
acceptable density estimate for this data sample. In Figure 3 with h equal Lo 0.50, the
density estimate has seven modes and seems overly sensitive.

Figures 4 through S present Gaussian kernel density estimates for the ATI Review
sample in the interval 10,501 for h equal to 5.00, 3.00 and 1.00, respectively. Both den-
sity estimates in Figures 4 and 5 seem to oversmooth this sample. However, the kernel
density estimate in Figure 6 suggests five significant modes for the ATI Re, iew sample
in the interval (0,501 and seems to supply an acceptable density estimate for the ATI

3Tapta. Rchard A a d Thompson, James R.. oapermetriw Prebasisy De tytp Esmstw ,,. Bal imore. MD The John Hie:kas-
iiivermty Pre", 1278, p 61

.. '1.
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Review sample.

From Figures 1 through 6, one can see that the value chosen for h varies the ker-
nel density estimate. To understand the relationship between the h value and the
number of modes in the estimate, Table 3 presents the critical h values for the FIST
HQ samples. A critical h value is the smallest h value producing a kernel density esti- "
mate with m modes, and therefore, h values smaller than the critical h value produce
kernel density estimates with more than m modes. The critical h values in Table 3
were obtained by interactively selecting h values that, in turn, were used to produce
kernel density estimates.

TABLE 3. Gaussian Kernel's Critical h Values
for the FIST HQ Samples

Sample Number of Modes Critical h Value
in interval 0.50 to two decimal plac-s -

ATI Auto 1 10.01
2 2. 73

3 1.85
4 1.01
5 1.00 < h < 1.01
6 0.65
7 0.50

AT[ Review 1 7.05
2 4.08
3 2.60
4 1.04
15 1.00
6 O.g9 < h < 1.00

1 7 0.42

From Table 3 one can see that as the h value increases the smoothness of the ker-
nel density estimate increases. The role that h performs for kernel estimation is analo-
gous to the role that the (data-based) interval size performs for a histogram. F,,r a his-
togram the general rule of thumb for an appropriate interval size is 10 to 25 i ti-rvalis
covering the range of the sample.4

Tapia and Thompson have developed a recursive formula for determining th. go-
bal optimal h for a kernel estimator by minimizing the integrated mean square
errorjlMSE). The IMSE and the recursive formula is defined as follows:-.

4 Guttman, 1. and Wilki, S S. Introductory E iomerii -5(1ises, New York: John Wiley & _ons. :955 rited by "9cott. . i '.V
and Factor. Lynette E.. "Monte Carto Study of Three Dat"aBsed Nouparametnc Probabtitty Density .-4ttinam . " :'urnal ,,( rhe
Amerman. Stsitacel Aoesse.io, vol. 76. so. 373, March 1911. p. 9.

STapia. Richard A. and Thompson. James R., ,mo.lram.isnc ProebAdy Doinity Esuomadion, Balimore. MD: The ;,;hn Hopkins
Univenity Prss. 1971, pp. 40.59.

.... -

'3t
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IMSE fI = E [iZ) -f(Z))2]dZ

IMSEJfI [f [ K(y)1~dY1 + Or [f YrK1  dyj 2 2dSz)I

and

r

h'.'

where

K)- rfK-(y)dy Zr+1

rl I ":

-1

S(f = (f(Or)(z))rdz) "r+

Thus, each successive value for h, hi+l, is computed by using the previous h value, hi,

contained in tlr)(Z). In application, f(z) estimates f(z). The characteristic exponent, r,
must be determined for each kernel function K. and Tapia and Thompson report that %
the Gaussian kernel's characteristic exponent is 2.6

The attractiveness of Tapia and Thompson's formula is that it is tolerant of
extreme guesses for the initial h value. More importantly, however, Scott and Factor
have noted that choosing the initial h value to be the sample's range guarantees the
convergence of this recursive formula to the largest optimal solution.' Unfortunately.
this optimizing formula occasionally converges to 0, and the resulting Dirac spike esti-
mate (optimum h=O) is a degenerate estimate.' However, since kernel estimators are
not generally robust against unsatisfactory values for the data-based smoothing parame-
ter,5 Tapia and Thompson's recursive formula is advantageous since it minimizes this
problem. Appendix C contains the FORTRa.N code programming this recursive for-
mula for the Gaussian kernel.

Using Tapia and Thompson's formula on the ATI Auto sample produces a Dirac
spike estimate (i.e., optimum h=0). But. using Tapia and Thompson's formula on the
ATI Review sample suggests that the optimum h value is approximately 1.02, and this

apia. Richard A. and Thompson. James R. .Vo permetrie Prolisdity Dems* Esmto so". Baltimore. MD The John Hopkins
* uas;vervity Press. 1078. p. 80.

-19-
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optimum Gaussian kernel density estimate in Figre 7 "fits" the AT Review sample's
histogram well.

Although Figu'e 7 depicts this sample with five significant modes in the interval
(0,501 ( and thirteen significant modes for the entire range of the sample), kernel estima-
tors cannot take into account all the theoretical and experimental conditions producing
a data sample. As Parzen noted, after a reliable kernel density estimate for a sample is
obtained, one should investigate the theoretical and experimental causes of the sug-
gested modes. Parzen suggests that this inquiry may justify adjusting the value of the
smoothing parameter in some instances. 7 For example, since FIST FDT&E II service
times were only resolved to the nearest second, further analysis may suggest adjusting
the value of the smoothing parameter. For the purposes of this report. analysis to
determine the optimum h values based on theoretical and experimental conditions will
not be undertaken and should not detract from the a priori power of kernel density esti-
mation.

Monte Carlo simulations for the Gaussian kernel

To evaluate the performance of the Gaussian kernel and Tapia & Thompson's
recursive formula, Monte Carlo simulations were conducted from the following distribu-
tions: a) N(0,1), the standard normal distribution; b) 0.5 N(-1.5,1) + 0.5 N(I.5,1), a 50-
50 mixture of two normal distributions; c) an F distribution with (10,10) degrees of fLee-.
dom; d) a Gamma distribution with f(x) = x * exp(-x) for x between 0 and oc; and e) an
Exponential distribution with parameter 0 = 1. In order to evaluate the performance of
the Gaussian kernel and Tapia & Thompson's recursive formula, average efficiency was
selected and was computed by dividing the theoretical LMSE by the mean IMSE.
Results for Monte Carlo simulations for distributions a through c were reported by both
Tapia & Thompson. and Scott & Factor. Analogous to their simulations.8 twenty-five
pseudo-random samples with a sample size of n were generated for each distribution.
Table 4 presents the results from these Monte Carlo simulations.

The results for the first three distributions in Table 4 are close to the results
reported by Scott & Factor, and Tapia & Thompson.8 With the exception of the
Exponential distribution, the mean optimum h values for each distribution in Table 4
conform relatively well with the theoretical optimum h values. As the sample size, n.
increased, the range of the optimum h values decreased. As anticipated. the average
efficiency increased as n increased for the first five distributions and was best for Monte
Carlo simulations from the N(0,1) distribution. The latter result was expected since the
standard normal probability density function is used for the Gaussian kernel function. - L
Despite the reduced average efficiency of the mixed normal distribution in comparison to

Parse,. Emanul. "Comment," fwouu of la Amenc m Stistiaesl Associatwo, vol. 75. to. 350 March 1980. . ,

8 "cott. David W ad Factor. Lyzett , "Moato Carlo Study of Three DasaBased Nonpauametnc Probabihity Den ity
Esatmato."Jos,.i of slm *..meea S t~IheL Assec'eAtto, vat. 76, no. 373. Marh 1981, pp. 11-12. and Tapia. Richard A and
Thompson, James R., ,Vsospaeamsre Prokability Denoiity Estimation, Baltimore, MD: The John Hopkins Univerity Press. 1978, pp.

0
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TABLE 4. Monte Carlo Simulations Employing the Gaussian Kernel
(Each row represents 25 samples of size n.)

* I II.eaa

*Duatnbutiou Sample sift Deeerate Range for Mean Theoretical Mea Theoretical i Average

(a) Samples Optimum h Optimum k Optimum k IMSE WE Ecieacy

_ IE
to1) 0 0 0.08-1.08 0.6 0.67 0.08981 0.08276 58.94

25 0 0.13-0.89 0.50 0.56 0.03277 0.0M,5 77.15

50 0 0.17 - 0.9 0.41 0.48 0.01775 0.01456 81.89

100 0 0.20 -0.4 0.38 0.42 0.00"1 0.008362 87.37

0.5 N(I.$.I) 10 0 1 0.2.0 - I.87 0.04 0.70 0.00759 0.04440 45.50

0.5 0 .5 01.31 0.74 0.66 0.03552 0.02138 58.54

50 0 0.13-0.97 i 0.5 0.57 0.01881 0.01228 65.28

100 0 0.25 -0.83 0.45 0.50 0.008071 0.007051 73.80

Fo,0 to  0 0.07- 0.66 0.37 0.24 0.42 .149 30.7.0.0
'5 1 0.04o0.36 0.24 0.20 0.1055 0.07107 6736-

1o 0 0.04 -0.24 0.17 0.17 0.05181 0.04197 80.81

too 0 0.06 - 0.=2 0.1 0s 1 0.02783 0.02344 84.23

Gamma 10 0 0.16- 1.16 0.65 0.47 03140 0.07527 23.97

: 0 0.07 .0.74 0.44 0.39 0.07805 0.03616 433,

0 0.08-0.49 .33 0.34 0.03324 0.02077 62.49

100 0 0.12- 0.48 0.8 0.30 0.01' 0.01193 6725

Exoetil 1o 0.09-0.711 0.37 I 0.5 0.1119 0.08257 56.01Exponea 10

== I : 2 0 0.02-0.38 0.19 040 0.00286 003014 12.46
so 0 0.02-0.23 0.14 0.41 005349 0.01729 32.32 .

100 0 0.02-0.16 0.00 0.36 00(3974 0 0935 25.00" "

the standard normal distribution, the Gaussian kernel and Tapia & Thompson's formula
are reliable for this mixed normal distribution.

The F. Gamma and Exponential distributions in Table 4 were chosen to show the
performance of the Gaussian kernel and Tapia & Thompson's formula on strictly non-
negative samples. The results for the F and Gamma distributions indicate reliable per-
formance: however, the Gaussian kernel and Tapia & Thompson's formula show reduced
performance for the Exponential distribution as n increases. The density function for an
Exponential distribution with parameter 9 = I is concentrated close to zero. and. there-
fore. it is not surprising that the symmetric Gaussian kernel has reduced average

* efficiencv.
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The Monte Carlo results in Table 4 support Scott and Factor's statement that
extensive numerical work has shown that for sample sizes as small as twenty-fivt, the
mean optimum h values based on Tapia & Thompson's formula are on average close to
the theoretical optimum h values.'

Crlticisms of the Gaussian kernel

The Gaussian kernel is one of the popular unimodal kernel functions that is sym-
metric about zero, and it is now known that many symmetric unimodal kernel functions
are nearly optimal.' Although the Gaussian kernel is efficient and reliable. Figures 1
through 7 show that the Gaussian kernel density estimator predicts non-zero densities
for service times less than zero seconds. Since negative service times are theoretically
and experimentally impossible, one can conclude that the Gaussian kernel may not be
the best kernel to use for a strictly non-negative sample with values "close" to or equal
to zero. Therefore, the Gaussian kernel will be truncated below a value considered to be
"too close" to zero in order to "create" a non-symmetric unimodal kernel function.

II. TRUNCATED GAUSSIA.N KERNEL

Definition

For strictly non-negative samples, a truncated normal curve for sample values lying
below 3*h seemed to be a plausible modification to the accepted Gaussian kernel. This
truncated Gaussian kernel density estimator is defined as follows:

For z: z eR, 0 <z < 00

f(z= L" K z-xj

where

For x2 < 3*h,

K 1-x- 0 when z <0

e h
2 - e

K L "- when z > 0

h d
0 nh"

Scott, 1) W, Tapia, R. A. aid Thompson. I1 R., "Kernel D~ensity Estimation Revisited." Journl of Monfinuer I4idiysit, neory.
.WMeig esd Application, vol 1. 1Q77 cited by Scott. David W and Ftctor, Lynette E., Monte Carlo Study of Three Data-Based
Nonparametnc Probability Density Estimato ." Joural o/ the .4merican SlatistsesI. Aoocistiom, vol 78, no. 37. March 11;81 p. 10



For xj 3*h,

Kl Kf~x. 0 when z< 0k

hI

___ M' when z >0h 72
Appendix D contains the FORTRAIN code programming the truncated Gaussian kernel's
estimate of a sample's underlying probability density function and cumulative distribu-
tion function.

Application of the truncated Gaussian kernel to the FIST HQ samples

Table 6 presents the truncated Gaussian kernel's critical h values for the FIST HQ
samples. These values were obtained by interactively selecting h values that, in turn,
were used to produce kernel density estimates.

TABLE 5. Truncated Gaussian Kernel's Critical h Values
* for the FIST HQ Samples

Sample Number of Modes Critical h Value 1
I _________ in intervalf.0 to two decial !cs

ATI Auto 1 9.81
2 2.64

3 1.85
4 1.01
5 1.0< h< 1.01
6 0.65

________7 0.50

ATI Review 1 6.03
2 4.01
3 2.60
4 1.85

5 1.00
6 0.99 <h <1.00

________7 0.48

p Figures 8 through 10 present truncated Gaussian kernel density estimates for the
*ATI Auto sample using h equal to 2.00, 1.00 and 0.50, respectively. The density esti-

mate in Figure 9 with a smoothing parameter equal to 1.00 seems to be a good
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estimate of the underlying probability density function and predicts the same modes as
the Gaussian kernel density estimate in Figure 2. The only main difference between
these two density estimates occurs in the region below zero seconds.

Figures 11 through 13 present truncated Gaussian kernel density estimates for
the ATI Review sample with h equal to 5.00, 3.00 and 1.00, respectively. The density
estimate in Figure 13 with the smoothing parameter equal to 1.00 seems to be a good

Appendix E contains the FORTRAN code programming Tapia and Thompson's T7
.- optimizing h formula for the truncated Gaussian kernel. Using this programming code -

on the AT[ Auto sample suggested that the optimum h value is approximately 0.62.
Figure 14 compares the truncated Gaussian kernel estimate for the ATI Auto sample
using this h value and the histogram for this sample. Using Tapia and Thompson's
optimizing h formula on the AT! Review sample produced a Dirac spike estimate when
the sample range was used for the initial h value; however, using 10.00, 5.00 and 1.00 as
the initial h values each produced optimizing h values approximately equal to 1.27.
Although Tapia and Thompson's formula converges to 0 with an initial h value equal to
the sample's range, other initial h values suggest that a good h value produces a density
estimate with 5 modes in the interval [0.501, and substantiates the earlier claim that the
density estimate in Figure 13 with a smoothing parameter equal to 1.00 is a reasonable
density estimate for the AT! Review sample.

Monte Carlo simulations for the truncated Gaussian kernel

To evaluate the performance of the truncated Gaussian kernel and Tapia &
Thompson's recursive formula, Monte Carlo simulations were conducted from the same . -

distributions as the Monte Carlo simulations for the Gaussian kernel. Analogous to the
Gaussian kernel simulations(Table 4), twenty-five pseudo-random samples, each with a
sample size of a, were generated from these distributions and the h values associated
with these samples were calculated. Table 6 presents the results from these Monte

. Carlo simulations.

Table S reflects the difficulties that were associated with measuring the average
efficiency of these Monte Carlo simulations. For instance, although the value for a (K)
of Tapia & Thompson's formula can be evaluated for the truncated Gaussian kernel. its
two different values, 7 for xi<3*h and z > 0, and - for xi.>3*h and z > 0, inter-

fere with the evaluation of the the theoretical optimum h values, IMSE rn values and
subsequently, the average efficiency values. Thus, Table 8 presents the theoretical
ranges for the optimum h value and IMSE[ . The lower and upper limits of these
ranges were computed by using the two different a(K) values. The h value associated s -"

with each sample of size n, however, was computed by using the a(K) value that was
correct for each sample value xi.
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TABLE 8. Monte Carlo Simulations Employing the Truncated Gaussian Kernel
(Each row represents 25 samples of size n.)

Distribution Simple Deeerte Rasg far Mean Range for WaRaRne for Range for Escleacy

I Size samplsI Optimum h Optimum Ii Tkeoni. Meaa 1dSE Tleoretical U61SE Range

- i i ( S I p O m Optimum () 

0 0.03LOS 065 0.67-0.77 a0102-0 02-4S3 44-6U
25 0 0.00-08 040 1 0.54.0.3 0 03S44-0 03883 002208-0 02 24 6 M-74,04

6 50 0 0.15-043 0.41 0.4-066 0017-0.01002 0.01%-0 0152 6746 2.

0 1 N(5,I) 10 0 0.14-1.60 0.92 07 790.91 0.0014-0 30S 00r. -0 04646 i01 i 3-.s3

0 3 N(8,1) 5s0 0.21-t.-1 0.73 1 0 6 76 0 03614- 1422 001861-0 0=37 13.02-61.90

- I 50 0 0.13-0.96 065 057-0.66 0 01003-005470 0 01060.012 3 10.56 42 -

10 0 0.44-0.73 0.S1 0.24-0.27 1.2.-2 409 0 12128-01S31 536-12.4 ,
- .25 00.17-0.62 0.45 0.20 0.23 0 49 &5 0.699 0.0 1 817-0 07467 $.1 2 14.9 81' -

o 0.0.4 0.41 0.1",.0 0-7 0354-).042 6 .58-15.4'

10 to 0 0.16-0.No 0.72 0.47-054 0.1022-0.153 0 06 63-0.07NI 41.40-77.11-.

25 0 0.23-0.78 0.61 03-0.45 0.04603-0.07418 I 0.03148-0.037,10 42 44-80 74

50 0 0.17-0.60 0.40 i 0.34-0.39 0.0247-.003646 0 018C1.-0.Ir170 4.50.7 61

Exponential 10 0 0.31-0.85 0.61 I 0.560.65 1 00506-0 06046 0.05456-0.06S71 711.5-100.00

25 0 0-3064- 0 0.48 .470.54 0,0.900-0.03191 .0i-0 03153 2.14-100.00

50 0 0.31-0.4S 0.41 0.41-0.47 0.01505-0.01810 0 00.022 1 110 8S5.0-100.00

Although the efficiency range in Table 6 cannot be directly compared to the aver-
* age efficiency in Table 4. it is helpful in drawing some tentative conclusions. First,

preliminary comparisons between these tables suggest that as expected, the truncated
Gaussian kernel may not be quite as efficient as the Gaussian kernel for normal or
mixed normal distributions. Second, the source of the alarmingly low efficiency range of
the F distribution with (10.10) degrees of freedom in Table 6 has not been identified
and seems counter intuitive. Third, applying the truncated Gaussian kernel to Monte
Carlo simulations from the Gamma and Exponential distributions would appear to
result in efficiency ranges which equal or surpass the average efficiency of the Gaussian
kernel's simulations. Additional Monte Carlo simulations would be helpful in determin-

ing the performance of Tapia & Thompson's for the truncated Gaussian kernel in com-
parison to the Gaussian kernel. More beneficial, however, would be a more sophisti-
cated procedure for computing the average efficiency.

33
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Criticisms of the truncated Gaussian kernel

From the truncated Gaussian kernel figures for the FIST HQ samples, it is
apparent that this kernel density estimator provides a probability density function esti-

" mate with zero density for all negative values. This property conforms perfectly with
the theoretical and experimental service time expectations underlying the FIST HQ sam-
ples. Preliminary Monte Carlo simulations with skewed non-negative distributions sug-
gested that the use of Tapia & Thompson's formula with the truncated Gaussian kernel
was more efficient than the Gaussian kernel. Thus, this supports the use of the trun-
cated Gaussian kernel for the FIST HQ samples. To further examine these FIST HQ
samples with another non-symmetric, unimodal kernel function, it was decided that a
Lognormal kernel, which can only be applied to strictly positive samples, should also be
developed.

IV. MODE CENTERING LOGNORMAL KERNEL

Definition

A Lognormal kernel density estimator concentrating its kernel estimate around the
sample's mode is defined as follows:

For z: z e R, 0 < z < oo

____1_ "121~ .
f( zf= i e

v'~hz

Unlike the normal distribution which is symmetric, the Lognormal distribution is
skewed and can only be evaluated for strictly positive values. Appendix F contains the
FORTRAN code programming the mode centering Lognormal kernel's estimate of a
sample's underlying probability density function and cumulative distribution function.

Application of the mode centering Lognormal kernel to the FIST HQ samples

Due to the definition of the Lognormal distribution, it was necessary to modify the
zero second FIST HQ service times. Although FIST HQ service times cannot be
theoretically less than or equal to zero seconds, FIST HQ service times were only
resolved to the nearest second. Thus, a zero second service time is actually a service
time of less than one second. Therefore, the interpretation of zero second service times
as half second service times seems plausible.

Table 7 presents the mode centering Lognormal kernel's critical h values for the
FIST HQ samples. Comparing these values with the critical h values for the Gaussian
and truncated Gaussian kernels in Tables 3 and 6, one can see the higher sensitivity of
the smoothing parameter value for the mode centering Lognormal kernel. These values

.... .' ' .'. .'_ :- . ... ." ." ._ - £.......................................................................-.-.....-........,-.. .,.,



were obtained by interactively selecting h values that, in turn, were used to produce
kernel density estimates.

TABLE 7. Mode Centering Lognormal Kernel's Critical h Values
for the FIST HQ Samples

Sample Number of Modes Critical h Value
in interval [0,501 to two decimal places

ATI Auto 1 0.38 .
2 0.35
3 0.30
4 0.24
5 0.20
8 0.18
7 0.14

AT! Review 1 0.42
2 0.36
3 0.34
4 0.30 "
5 0.25
6 0.10
7 0.07

Figures 1S through 17 present kernel density estimates for the ATI Auto sample
with h equal to 0.50, 0.25 and 0.22, respectively. These figures show that the applica-
tion of the mode centering Lognormal kernel to this sample results in a very peaked
density estimate around a half of a second and attributes an unnoticeable density esti-
mate to the tail service time observation at forty-four seconds.

Figures 18 through 20 present kernel density estimates for the ATI Review sam-
pie with h equal to 0.50, 0.25 and 0.20, respectively. Comparing the mode centering
Lognormal kernel estimate in Figure 1g with the truncated Gaussian kernel estimate in
Figure 13, one can see an apparent difference between these two density estimates.
For instance, the truncated Gaussian kernel attributes a single mode to the service time
observations between 0 and 5 seconds; whereas. the mode centering Lognormal kernel
attributes three modes to these service time observations. Also, the truncated Gaussian
kernel attributes three significant modes to the service time observations beyond 15
seconds; whereas, the mode centering Lognormal kernel "smears" these observations
together.

Criticisms of the mode centering Lognormal kernel

Applying the mode centering Lognormal kernel to the FIST HQ samples resulted in
density estimates that minimized the effect of tail observations. In addition, the modal
nature of the density estimates tend to emphasize those observations closest to zero.
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Thus, the estimated underlying probability density functions associated with the mode
centering Lognormal kernel differ markedly from those obtained from the Gaussian and
truncated Gaussian kernels. The high sensitivity of the smoothing parameter for the
FIST HQ samples to small changes could hinder the selection of an optimum smoothing
parameter value, and it was decided that it would not be worthwhile to apply Tapia &
Thompson's formula and to conduct Monte Carlo simulations. Instead, the median
centering Lognormal kernel was developed.

V. MEDIAN CENTERING LOGNORMAL KERNEL

Definition

A Lognormal kernel density estimator concentrating its kernel estimate around the
sample's median is defined as follows:

For z: z i R, 0 < z < oo

flz)= e

where

Y=lo4+ 1+ V1+(.h/xt]
o2

Appendix G contains the FORTRA.N code programming the median centering Lognor-
mal kernel's estimate of a sample's underlying probability density function and cumula-
tive distribution function.

Application of the median centering Lognormal kernel to the FIST HQ sam-
pies

Table 8 presents the median centering Lognormal kernel's critical h values for the
FIST HQ samples. These values were obtained by interactively selecting h values that,
in turn, were used to produce kernel density estimates.

Figures 21 through 23 present kernel density estimates for the ATI Auto sample
with h equal to 2.00, 0.95, and 0.50, respectively. Comparison of the median centering
Lognormal density estimate in Figure 23 to the truncated Gaussian density estimate in
Figure 14 shows that these two kernels produce similar results considering the interpre-
tation of zero second service times to half second service times. Therefore, one an con-
clude that the ATI Auto sample's optimum h value for the median centering Lognormal
kernel lies around 0.50.
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TABLE 8. Median Centering Lognormal Kernel's Critical h Values
for the FIST HQ Samples

Sample Number of Modes Critical h Value
in interval 10.501 to two decimal places

AT! Auto 1 9.80
2 2.28
3 2.24
4 0.06
.5 0.92
8 0.73
7 0.48

ATI Review 1 9.52
2 5.03
3 2.95
4 2.74
5 1.43
6 0.96
7 0.94

Figures 24 through 26 present kernel density estimates for the ATI Review sam-
pie with h equal to 5.00, 2.00 and 0.95, respectively. The density estimate with h equal
to 2.00 seems to be a good density estimate and can be compared to the truncated
Gaussian density estimate in Figure 13. Comparing the oversmoothed median center-
ing Lognormal density estimate in Figure 24 with the oversmoothed truncated Gaus-
sian kernel density estimate in Figure 11, however, shows that the median centering
Lognormal kernel produces a concave shaped deusity estimate. whereas, the truncated
Gaussian kernel produces a convex shaped density estimate.

Criticisms of the median centering Lognormal kernel

From the application of the median centering Lognormal kernel to the FIST HQ
samples one can see that the median centering Lognormal kernel produces density esti-
mates that are very similar to the ones of the truncated Gaussian kernel. Since many
symmetric unimodal kernel functions are nearly optimal. this suggests that. perhaps.
many non-symmetric unimodal kernels are also nearly optimal.

VI. CONCLUSIONS

An introduction to kernel density estimation was achieved by examining the appli-
cation of four different kernels--the Gaussian, truncated Gaussian. mode centering Log-
normal and median centering Lognormal kernels--to two FIST FDT&E [I samples. This r
study revealed that each kernel function produced slightly different nonparametric esti- 7
mates of each sample's underlying probability density function. Monte Carlo simula-
tions with the Gaussian kernel showed that the average efficiency of Tapia and
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Thompson's formula for this kernel for sample sizes as small as twenty-five was quite
good. However, the principle limitation of the Gaussian kernel was the prediction of
non-zero densities for negative service time observations. The truncated Gaussian ker-
nel corrected this limitation, and preliminary Monte Carlo simulations suggest that care-
ful selection between these two kernels for a particular sample can increase average -.

efficiency. Applying the median centering Lognormal kernel to the FIST HQ samples
resulted in nonparametric density estimates that were very similar to the truncated
Gaussian kernel. The mode centering Lognormal kernel produced markedly different
density estimates than the three other kernel functions by supplying density estimates
that minimized the effect of tail observations and emphasized the observations closest to
zero. Tapia & Thompson's recursive formula, which optimizes the smoothing parameter
for a sample, enhanced the robustness of Gaussian and truncated Gaussian kernels and
provided a quick and efficient starting point for selecting a sample's smoothing parame-
ter value. Additional analysis of the theoretical and experimental causes of the modes
suggested by these optimum kernel density estimates should be undertaken to accept
the optimum h value or justify a modification of the optimum h value.

From the application of these four different kernel functions to the FIST HQ sam-
pies, it was shown that the truncated Gaussian and median centering Lognormal kernels
seem to be superior to the Gaussian and mode centering Lognormal kernels for these
samples. The principle reasons are due to the following respective inefficiencies of the
latter kernels: (1) the prediction of non-zero service time observations, and (2) the sensi-
tivity of the smoothing parameter to small changes. The optimizing kernel density esti-
mates for the truncated Gaussian and median centering Lognormal kernel suggested
seven modes for the ATI auto sample and five modes for the ATI review sample in the
interval [0,501. The Gaussian kernel's optimum density estimates also were consistent
with these results. By re-examining the histograms accompanying the unnormalized
density estimates, one can "see" these predicted modes and observe the relative smooth-
ness of kernel density estimates in comparison to histograms.

In conclusion, this paper showed that kernel density estimation can be useful in
producing nonparametric estimates of a sample's underlying probability density function
and emphasizes the importance of choosing the appropriate kernel function and smooth-
ing parameter value for a particular sample.
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APPENDIX A. A USER'S GLIDE TO KERNEL PROGRAMS
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APPENDIX A. A USER'S GUIDE TO KERNEL PROGRAMS

The purpose of this appendix is to assist the individual who desires to use the pro-
gramming codes presented in Appendices B through G. These programs are currently
available on the U.S. Army Ballistic Research Laboratory's CYBER machine(BPL-
CYBER.ARPA). The following instructions describe the files required to run these pro-
grans and the specific commands required for the forementioned CYBER. In addition,
the instructions for a curve plotting program using DISSPL-k Graphics Software Pack-
age are also given.
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INSTRUCTIONS FOR GAUSSIAN, TRUNCATED GAUSSIAN, MODE
CENTERING LOGNORMAL AND MEDIAN CENTERING LOGNORMAL

KERNELS

STEP 1.

The user must create and store a MIFA permanent file. This file should con-
tain the information listed in Table A-I.

TABLE A-I. Data File for Gaussian, Truncated Gaussian,
Mode Centering Lognormal and Median Centering Lognormal Kernel

(Note: (PL) denotes program limitation and
* indicates free-format read statements.)

DESCRIPTION LINE(S) FORMAT COLUINS
-I

1. N-the sample size 1 110 1-10 -

(PL) 0 < N < 1000 (PL) _ _-_._ _

2. X(I)-an array of N
elements containing 2-1001 REAL
the sample values ;'"

"" STEP 2.

To run these programs in IAF type the following:

BEGIN,PRCKERN,PRCKERN,( I ),PRGM=(2)

where

(1) = file name for the file created in STEP 1.

(2) - one of the following program file names

GAUSS (for Gaussian kernel}

TRLUNCG {for Truncated Gaussian kernel,

MODLOG (for Mode Centering Lo-normal kernel}

MEDLOG {for Median Centering Lognormal kernel
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The user should answer the interactive prompts appropriately and is warned
that a crash will occur if prompts are answered inappropriately. The user is
also cautioned that if either permanent or local files named PDF or CDF
exist prior to entering the BEGIN command, an error 133 message will occur
during execution. If this occurs, the user must remove these files and repeat
STEP 2.

STEP 3.

After properly completing STEP ", the user has two local and two per-
manent files called PDF and CDF. File PDF contains the normalized proba-
bility density function, and file CDF contains the cumulative distributionI
function. To obtain a graphical presentation of these files the user should
consult INSTRUCTIONS FOR CURVE PLOTTING PROGRAMk, USING
DISSPLA GRAPHICS SOFTWARE PACKAGE.
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INSTRUCTIONS FOR THE OPTIMIZING H PROCEDURES FOR THE

GAUSSIAN AND TRUNCATED GAUSSIAN KERNELS

STEP 1.

See STEP 1 INSTRUCTIONS FOR GAUSSIAN, TRUNCATED GAUS-
S.LAN, MODE CENTERING LOGNORMAL AND MEDIAN CENTERING
LOGNORMAL KERNELS.

STEP 2.

To run these programs in LAF type the following.

BEGIN,PRCOPTH,PRCOPTH,(I),PRGM=(2)

where

(1) = file name for the file created in STEP 1.

(2) = one of the following program file names

GAUSSH (for optimizing h procedure for
'the Gaussian kernel}

TRUNCGH (for optimizing h procedure for
the truncated Gaussian kernel}

The user should answer the interactive prompts appropriately and is warned
that a crash will occur if prompts are answered inappropriately. The
optimum h value is displayed on the screen during the execution of this pro-
gram.
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INSTRUCTIONS FOR CURVE PL0rLING PROGRAM
USING DISSPLA GRAPHICS SOFTWARE PACKAGE

STEP 1.

This program was designed for Tektronics 4014 terminal or a Hewlett Pack-
ett 2648 terminal, and subsequently, can only be used in conjunction with
these two types of terminals.

STEP 2.

The user must create and store a MFA permanent file. This file should con-
tain the information listed in Table A-2. Users may have to alter the call
to initialize DISSPLA output to their terminal, and users unfamiliar with
DISSPLA are encouraged to consult a DISSPLA manual.

TABLE A4-2. Data File for Curve Plotting Program

(NOTE: (PL) denotes program limitation and

*indicates free-format read statements.) _

DESCRIPTION LINE TYPE,'FORMAT COLUIS

1. T-the type of terminal i nteger

being used as follows:

t for TK4014, 2 for H". 48

and say other integer will

will terminate the program.

2 PTS-the somber of xand y 2 integer

-pairs to be plotited__ _ _ _ _ _I_____

3. PAGEX, PAGEY-th. page uix* 3 real

is width and length is inches

4. AXISX, AXISY-the subpilot 4 real
area's width and length in

inches 1 1I
S. LWI-plot heading S character I140 (PL)

enclosed in Biagieo te I ______

6. HINUM-tota. #oftchasaters, 5 integer

letters, spaces, symbols in

LHI (e.g. T fo TITLE')I

0 O< HNUM <60 (PL)r

39
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DESCRIPTION L= TYPE/FORMAT ICOLUI~a
T. SIZEHI-LI's print, eiani ]_______ ___

8.NU)MGLN# of Itadape I se
NUMHLN1-3 (PL)

*9. LH2-plotamsb-heading 6 character 14-2 (PL)

excdoved in sing'* (poses _____________

I10. H2NUM-tota # of chanctee', iner
letter,, spaces, symbols is

LH2
0 < H2NUM_<_60 (PL) __________

I1I. SIZEH2-LH2'. print vse 6 real

12. LH3-plot sub-heading 7 character 160(L

13. FI3NUM-4oataI # of characters, j7aee
letters, spaces, symbols is
LH3

0 0< H2NUM <560 (PL) _ _ _ _ __-

14. SIZEH3-LH3's print size 7 j real

15. LXAXLS-z-awa label 8 character 1-72 (PL) X

enclosed in single quoteai

I6. NWU1Cotal # of charactr, integer j

letter,, spaces, symbols is
LXAXIS

0 c<nee IU <4 (?22 (PL

1T. LYAXIS-.y-axis label 0 hrcea-2(L

enclosed in single quotea

13. NUMY-total # of charactr. 9 inee
letters, spaces, symbols in

LYAXIS

0 <NUMY <72 (PL) I

19. XORlG-xc origin in user's %nite to J Mrali

20. XSTP-x.azis tick mark quit to real
in user's quits

21. XMAX-x maxmusm value in user's j o 10Mal

2.2. YORIG-y origin in user's unite 10 real

213. YSTP-y-azis tick mark unit 1 o real

tn user's suits

2 4. YiAX- maximum value in user's 1] real

60

.. . . ..**% . .. ..... *.q.



STEP 3.

The user should have an MFA permanent normalized probability density
function file (i.e., PDF) and/or an MFA permanent cumulative distribution
function file (i.e., CDF) created by running one of the programs mentioned in
STEP 2's INSTRUCTIONS FOR GAUSSIAN, TRUNCATED GAUSSIAN,
MODE CENTERING LOGNORMAL AND MEDIAN CENTERING LOG-
NORMAL KERNELS.

STEP 4.

To run these programs in IAF using a Hewlett Packard 2648 terminal or a
Tektronics 4014 terminal type the following:

BEGIN,PRCDSPL,PRCDSPL,(1),( 2)

where

(1) - file name for the file created in STEP 2.

(2) = file name for "PDF" or "CDF" file mentioned in STEP 3.

The DISSPLA plot will be created on the terminal screen. To return to the
L[F prompt after the plot is drawn, hit the terminal's return key.
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APPENDI B. GAUSSIAN KERNEL

* a GAUSS I AN KERNELa

*PURPOSE: THIS PROGRAM CCWUTS ThE EMPIRICAL PROBABILITY DENSITY
* FUNCTION AND ITS ASSOCIATED CUvIJLATIVE DISTRIBUTION FUNCTION
* FOR THE GAUSSIAN KERNEL. THIS M~ETHOD IS DES IGNED FOR

* a DATA SAN'LES THAT HAVE SANvFLE VALUES RAMING FROM
a NEGATIVE INFINITY TO POSITIVE INFINITY.

*FILES: THE FOLLCWING DESCRIBES THE INFORM4lTION REQUIRED BY EACH
* FILE.

* DATA: ON THE FIRST LINE WLST BE N, THE SIZE OF
a THE SANFLE. ON THE FOLLOWING LINES OF
* THE FILE SHOULD BE THE SkAM'LE VALUES ONE
* PER LINE.8

a PDF: TH-E INORMALIZED PROBABILITY DENSITY
* FUNCTIONa

S CDF: THE CT2NIATIVE DISTRIBUTION FUNCTION

PROGR~AM GAVS S (DATA, PDF, CDF, I NPUT, OUTPUTF)

SSPECIFICATION AMD DATA STATEMvENTS

INTEGER 1, K. N
REAL ARG, BASE, BOTM, F, FHAT, H, MX, MIN. STEP, X, Z
DINvENS [ON X(1000)
D IMENS ION I RAY ( 6
DATA IRAY/6. -0/

*SET PRINT LIMIT TO ZERO, AND CALL SYSTEMC TO INHIBIT PRINTING
aOF ERROR 115

IRAY(4 )-0
CALL SYSTEM I(1l5,I[RAY) :

*INITIALIZING THE FILES
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OP NTIT-I.FILE-' DATA' STATUS-'OLD')
REWIND~ I
OPEN(VNIT-2,FILEx-'PDF' ,STATUS-.'NEW')
REWND~ 2
OPEN(UNTI'T-3,FI LE-'CDF', STATUS-'NEW')
REWIM 3
OPEN(UNIT-5,FILE-' INPUT')
OPEN (L.41T6. F ILE-' OLTU'

*READING INFORMA4TION FRCM THE DATA FILE

READ(1.100) N
100 FORMAT(I1O)

MIN - 1. OEI0
%VX-= 1. OE- 10
DO 10IL,

READ(1,s) X(I)
IF ( X(I) .GT. MAX THlIEN

MAX - X( I)
E"S I F
IF ( X(I) .LT. MI N ) THEN
MIN -X(I)

E I~ IF
10 CONTINUE

0DETERMININIG USER REQUIRLMNTS

'ARITE(6,'(- GAUSSIAN KE~RNEL-)')
ARITE(8,101) MIN

101 FORMAT ('THE SAWvLE VALUES WAXE FROM 'F15. 10)
%%R I TE (6, 102) MAX

102 FORMAlT('TO 'F15- t0,'. INPU7 THE FIRST POINT-)'
'ARITE(6, '('AT 'AHICII THE DENSITY ESTIMATE WILL-)')
VRITE(6.'(-BE CONPL'TED.-)')
READ( .5.) BOTrtM
MRITE(6. INPL-T THE LAST POINT ATVHICH-')
V"RITE(6.'(-THE DENSITY ESTIMATE WILL BE CONFUTED.-)')

2 0 READIS,s) TOP
IF (TOP .LT. BOTTOM) THEN
'ARITE(S,'(-THIS LAST VALUE NiJST EXCEED THE FIRST VALUE.-)')
\%RITE(6,'(-PLEASE INPUT A NEW VALUE.-)')
GOTO 20

EN I F
%%R ITE 18, 'NFtL THE S IZE S PACI PC AT WHIICH KERLNEL DENS ITY')
%%RITE(6 . VESTIMlATE-S ARE DESIRED. FOR EXA\NILE, IF TH-)
%%RITE(e. ISNEFRTH AFE1 50.0 TIHEN A SIZE SPACING')

~%RITE 5. 'EQUAL TO 0.10 'OLD PRODUCE DENS ITY ES T I MT-ES)'
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r r. F

'MRITE(6,'(-AT 0.1, 0.2, 0.3,...,50.0.)"~
30 READ(S,.) STEP

IF (STEP .LE. 0) THENi
VRITE(6.'(-SIZE SPACING WST BEGREATER THAN .-)')
VvIUTE(6, '(-PLEASE INPUT A NEW VALUE.")')
GOTO 30

END IF
MRITE(6,'(-INPUT A VALUE FOR H, THE SMvKOTIING PARANETER.-)')

40 READ(5,*) H
IF (H .LE. 0) THEN
WRITE(6,'(-H WJST BE GREATER THAN 0"'
WR[TE(6,'(-PLEASE INPUT A NEW VALUE.-)')
GOTO 40

END I F

**CALCULATING AN) STORING F, 111E NGR'4ALIZED PROBABILITY DENSITY FUTNCTION

DO So Z- BOTTCd. TOP, STEP

DO 60 1- 1,N
F - F + EXP(-0.5*((Z-X(I))/Ht..2)

60 CONTINUE
F = F/SQRT(2.*3.1416)/H/FLOAT(N)
'WRITE(2,103) Z, F

103 FOFM1T(2FIS.10)I so CONTINUE

W.W~vRICALLY CALCULATING AND STORING F, THE CULI~ATIVE DISTRIBUTrION
*FUNCT ION

I F (BOTTCM~ .LT. MIN) THEN
BASE - BOT1TCM

ELSE
BASE -MIN

DDI F
70 FHAT -0.

DO 80 I=I,N
ARG=- (BASE -X(I))/H

FHAT - FHiAT +- CSIND (ARG)
80 CONTINUE

IF (FHAT .GT. 0.01) THEN
BASE-BASE - 1.
GOTO 70

END IF
* DO go Z- BASE, TOP, STEPr

FHIAT=O.
DO 110 1- 1,N
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ARG- (Z.X(I))/H
FMAT M FAT + CSM(ARG)

110 Co~r IN4EP IF (Z .GT. BO'TMM) THEN
WRITE(3,103) Z, FHAT/FLOAT(N)

EN IF
go CONTINsUE

*THE FOLLCVI NG FLNCT ION APPROXIMATES THE I NTEGRAL FROM NEGATiV
*INFINITY TO Y OF (I/SQRT(2.PI)) EC(-e(T**2)/2) DT (I.E., THE
*CtLLATIVE STANDARD NWvM4L DISTRIBUTION).

FUNCTION CSIND(X)
Y - ABS(X)
P-(((1(5.383E-06.Y+4.88906E-O$).Y+3.8OO3CE-O5)*Y+

& O.00327T8263)aY+0.0211410061)'Y+0.0498673469)'Y
P-0.5*(P+I.)m*(-16)

IF (X Gcr 0.) THEN

ELSE
CS NWE

CND IF

REUN
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50. 7

APPENDIX C. OPTIMIZING H PROCEDURE FOR THE GAUSSIAN KERNEL

• OPTIMIZING H PROCEDURE FOR GAUSSIAN KERNEL *

• PURPOSE: THE PURPOSE OF THIS PROGRAM IS TO OBTAIN A SATISFACTORY VALUE *

z FOR THE GAUSSIAN KERNEL'S H VALUE. -

• FILES: BELON IS A BRIEF SYNOPSIS OF THE EXPECTED CONTENTS FOR THE FILE *
* DATA. *

* DATA: ON THE FIRST LINE OF THIS FILE SHOULD BE THE NLUNER -
a OF SAMPLE VALUES CONTAINED IN THIS FILE. ON THE
• FOLLOWING LINES SHOULD BE THE SAMPLE VALUES ONE PER *
• LINE. .
a..ai aaaaaaaaaaa slItm****ssia . •*.. s, aa as aa a aaaaaaa. a aaaaa gaas amsaa* -

PROGRAM GAUSSH(DATA, INPUT.OUTPUT)

a SPECIFICATION AND DATA STATSV"4TS

INTEGER I. N, TOTAL
RAL ALPHA, BETA, C, DIFF, H, NEWH, X
DINENSION X(1000)

DI ENSION IRAY(6)
DATA IRAY/6* -0/

a SET PRINT LIMiT TO ZERO, AND CALL SYST2vt TO INHIBIT PRINTING
a OF ERROR 115 "

IRAY( 4 )=O
CALL SYSTEM( 115, IRAY)

* OPLNING THE FILES

OPEN(LNIT= I,FILE- DATA' .STATl'S'OLD')

REWIND I
OPEN(LNIT=5, FILE-' INPUT')
OPEN4 IN IT=6, F I LE='OUTPUT')

* SETTING THE CONSTANTS.

ALPHA - (( l./(2.*SQRT(3. 1416)) )a*(0.2.)
TOTAL - 1000

* READING FROM THE FILE DATA PREVIOUSPAGE15I BLANK _.
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CAL-.. LUES(X.N,H,DIFF)

* E&LOYING THE OPTIMIZING PROCEDURE OLTLINED BY RICHARD A. TAPIA AND
s JANES R. THMPSON IN THEIR BOOK NONP.RANETRIC PROBABILITY DENSITY
* ESTIMATION, BALTIMRE, WD: 'THE JOHN HOPKINS UNIVERSITY PRESS, 1978,
* P. 59.

'.RITE(6,'("GUESS FOR H:")')
NRITE(6,100) H

100 FOR4AT(F1S.5)
RITE(6, '("-----------------

C = N'*(-0.2)
DO 10 1= 1, TOTAL

CALL BETAF(X, BETA, N, H) 5,
NEM - C * ALPHA * BETA
IF (NEWH .LT. 0.01) THEN

t4iR ITE( 6, ' ('H: ")' ) ...

MRITE(6, '(-DIRAC SPIKE-E)')
GOTO 20

END IF
IF ( ABS(INEH-H). LT. DIFF ) THEN
WRITE(6,101) DIFF

101 FOi MAT(6,'.AN ACCEPTABLE H WITHIN ',FI5.10,' IS')
VRITE(6, 100) NEi-!
GOTO 20

END IF

NRITE(6, 100) NEM-

H - NEiMI
10 CONTNUE

20 END

a THIS SL1BROLNTINE READS THE VALUES FRCM THE FILE DATA .AN) INPLT. H
SUBROUTINE VALUES(X.N,H.DIFF)

REAL DIFF, H, MIN, . lA
DIN'1SION X(1000)

READ(i. *) N
MAX= I OE- 10
MIN = . 0E0
DO 30 1= 1. N

READ(1,.) X( )
IF (X(I) GT. MAX) THEN

, 2 b "
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END IF
IF (X(I) LT. MIN) THEN
MIN - X(I)
M IF -"-

30 CONT INUE

MITE(6,'( OPTIMIZNGHVALUE FORTHE GAUSSIANIKRNEL-)')
I NTE(G , '( )

'ARITE(6,'("CHOOSING THE INITIAL H VALUE TO BE THE SAUS K LE-)')
.RITE(6,'("RANGE GUARANTEES THE CONVERGENCE OF THIS ITERA-")')
- RITE(6, '(TIVE SEQUENCE TO THE LARGEST NON-NEGATIVE)')
VMtRITE(6, 102) MAX - MIN

102 FOR&tlT('SOLLTION. THE RANGE OF THIS SAVPLE IS ',F15.10,.')
%RITE16, '1(INPUT A VALUE FOR THE INITIAL H VALUE.")')

READ(5,') H
VvRITE(6, INPUT THE MINI'WM ACCEPTABLE DIFFERENCE BEIrEEN")')
NRITE(6,'(-THE SUCCESSIVE H VALUES. A RECtvENDED DIFFER-")')
'ARITE(6,'(-ENCE IS 1.OE-S")')
READ(5,s) DIFF

END

* THIS SUBROUTINE APPROXIMATES TAPIA AN) THCIPSON'S BETA VALLE
* BY US ING THE FORP*LLA OUTLINED BY SCOTT AND FACTOR IN THE JOURNAL
* OF THE AMERICAN STATISTICAL ASSOCIATION, VOL. 76, NO. 373, MARCH
* 1981, P. 10.

SUBROUTINE BETAF(X,BETAN,H)

REAL HF, HS

DIM-ENSION X(1000)

A= 1./12.
HS = H**2

HF - HS**2

BETA = 0.
DO 40 J-1,N

DO 50 K- 1,N

Y-x(J) - X(K)
Z = EX (-(Y-*2)/(4. ,HS))
BETA = BETA + (HF ((Y**'2)*HS) + (A*(Y*-4)) )*Z

.*50 CONT IN E
40 CONT N-E

BETA = (BETA*(3./(8.SSQRT(3. 1416(*N*N*(h-.,) ))* -1./.
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APPENDIX D. TRUNCATED GAUSSIAN KERNEL

a..a.......aa...*. " S*........ ..************O*aegea

* ~TRUNCATED GAUSS I AN KERNL I

a *°

* PURPOSE: TH IS PROGRAM CUVUTES THE NORMALLI ZED PROBABILITY
4 DENSITY FUNCTION AND ITS ASSOCIATED CUMULATIVE DISTRIBUTION*

A FUNCTION BY USING A TRUNCATED GAUSSIAN KERNEL FOR THOSE
0 DATA SAMPLE VALUES LYIN BEL0V 3*.-I AD THE TYPICAL GAUSSI AN

a KEE:TNIEL VALTES FOR THE DATA SAMPLE VALUES ABOVE 3.H. THIS

• DESIGN IS CHOSEN FOR DATA SAMPLES THAT HAVE TN-INEGATIVE -
a SAMPLE VALUES AND CAN THEORETICALLY ONLY HAVE NON-NEGATIVE •

VALUES. *

* FILES: THE FOLLOWING DESCRIBES THE INFORMATION IN EACH FILE. -

• DATA: ON THE FIRST LINE MUST BE THE SIZE OF THE

• SAMFLE, N. ON THE FOLLOWING LINES OF THE .
• FILE SHOUILD BE THE SAMPLE VALUES ONE PER •

* LINE. *

• PDF: THE NOIeAALIZED PROBABILITY DENSITY •
• FUNCTION

a CDF: THE CUNL(LATIVE DISTRIBUTION FUNCTION *

PROGRAM TRLY'NCG( DATA. PDF, CDF, IL'Ur, OLTPLT)

SPECIFICATION AM DATA STATE .

INTEGER I, K, N
REAL ARG, BASE, BOTTOM, F, H, MAX, MIN, STEP, TOP, X Z

DIMENSION X(1000,2)
DINENSION IRAY(6)

DATA IRAY/6* -0/

• SET PRINT LIMIT TO ZERO, AND CALL SYSTEMC TO INHIBIT PRINTING
• OF ERROR 115

IRAY( 4 )-O
CALL SYSTC(II5, IRAY)

* INITIALIZING THE FILES

OPEN(UNIT-1,FILE-'DATA',STATUS-'OLD') PREVIOUS PAGE

REWIND I ia.
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OPEN(UNIT2, ,FILE-' PDF' ,STATUS-' NEW')

OPEN(UNITm3 ,FILE-' CDF' ,STATUS-'NEW')
REWIND 3
OPEN(UNIT-6,FILEW'INPUT')
OPEN(UNIT..4,FILE-'OU7WUT')

*READING INFOM&tTION FRIM4 THE INPUT FILES AND CALCULATING X( I ,2)

%ARITE( 6,' (w TRUNCATD GAUSS IAN KENEL')' )

%%RITE( 6, '("INPUT H, THiE SlOTHMING PARAMETER.-)')
10 READf5.*) H

IF (H .LE. 0) THEN
VtRITE(6.'(-H MUTST BE GREATER THAN 0.')')
V4RITE(6,'(-PLEASE INPUT A NEW VALUE.')')
oo 10

END IF

READ(1,101) N
101 FORfAT (I 10)

MAkX 1.OE-10
-DO 20 1-1,N

READ(1,s) X(l,l)
IF ( X(I) .GT. 3.*H THlIEN
X(I,2) -1.

IF (X(I,1) CGT. MAX) THEN
MAX X(I 11)

E7'D I F
EL SE
ARG X(I,1)/H
X(1,2) -CSND(ARG)

END IF
*20 CONTINUE

* * ~DETERMAIN ING USER REQU IMUM~r

'ARITE(6,102) MIN
102 FOIRt4T('1'HE SAWILE VALUES RAGE FRCt4 ',F15. 10)

'ARITE(6,103) WAX
103 FOMRT('TO ',F1S.10,'. INPUT THE FIRST')

'ARITE( 6,'(-NON-NEGATIVE POINT AT VMICH THE DENS ITY)')
MRITE(6, '("ESTINKTE WILL BE CvUTED."'

* 30 READ(.,*) BO7TM
IF (BOTT02M .LT. 0) THEN

VRITE(6,'(-THIS VALUE %IJST BE NON-NEGATIVE.")')
WARITE(6, '("PLEASE INPUT A NEW VALUE."'



GOTO 3 0
END I F
V.RITE( 6,' ("IPIUT TE LAST NO-NEGATIVE POINT AT i-HIcH")')
VMRITEfO, ' "THE DENSITY ESTIMATE WILL BE OCMPUTED.')')

40 READ(S,,) TOP
IF (TOP .LT. BOT-rM) THEN

WRITE(6, '("THIS LAST VALUE MUST EXCEED THE FIRST VALUE.")') II
WRITE(6, '("PLEASE INPUT A NEW VALUE.")')

GOTO 40
END IF

VRITE(6, '(-INPUT THE SIZE SPACING AT MHICH KERNEL DENSITY")')

%%RITE(6,'('ESTIMATES ARE DESIRED. FOR EXAMPLE, IF THE)')
% RITE(6,'(wRANGE FOR THE SAMPLE IS 50.0 ThEN A SIZE SPACING")')
MRITE(a,'("EQUAL TO 0.10 VWID PRODUCE DENSITY ESTIMATES'),) _
'RITE(G,'("AT 0.1, 0.2, 0.3,...,50.0.)")')

so READ(S,.) STEP
IF (STEP .LE. 0) THEN

NRITE(6, '("SIZE SPACING MUST BE GREATER THAN 0.")')
WRITE(6,'("PLEASE INPUT~ A NEW VALUE.")')
COTO 50

END IF

CALCULATING AM STORING FP, THE NORMALIZED PROBABILITY DENSITY FUNCTION

DO 60 Zm BOTT, TOP, STEP

F-0.

DO 70 I- 1,N
F- F + EXP(-0.$.((Z-X(I,l))/H)**2)/X(I,2)

70 CONTINUE

F - F/SQRT(2.*3.1416)/H/FLOAT(N)
IRITE(2,104) Z, F

104 FORMAT(FI. 10)
60 CONTINUE

* NUMERICALLY CALCULATING AND STORING F, THE CtUULATIVE DISTRIBUTION FL'NCTION

IF (BOTrTCM .LT. MIN) THEN
BASE - BOTTM.

ELSE

BASE - MIN
L"SD IF

80 FHAT = 0.
DO 90 1I,N

ARG - (BASE X(I.1))/H
FHAT - FHAT + CSND(ARG)

o0 CONTINLE

IF (FHAT GT. 0.01) THEN

79 S

. . .



IF (RSE1) LT. 0.) TMNy

GOTO 100
ELSE
BASE -BASE -1.

GOTO g0
END~ IF

END IF
100 DO 110 Z.- BASE, TOP, STEP 1*

DO 120 1- 1,N
ARG - (Z.X(I,l))/H
IF (X(1,2) .NE. 1) TMEN
F - F + ((CSNV(ARG)-1)/X(I,2)) I

EL SE
F =F + CSND(ARG)

LM IF
*120 CONrINL'E

IF (Z CTr. BOT~Ttd) WEN
%%RITE(3,104) Z, F/FLOAT(N)

END I F
* 11 CONTINUE

aTHE FOLLOJI M FLI4CT ION APPROX IMATES THE INMGC~L FROM NEGATIVE
* * INFINITY TO Y OF (1/SQrT(2.PI)) E~~-.T.),)DT (I.E., THE

*CMJLATIVE STANDARD NUM~L DISTIBUTION).

N-FUNCTION CSND(X)
Y - ABS (X)
P-(((((.5.383E-OGOY+4.88906E-05)'Y±3.80038E.05).Y+

0 .0032776263).Y+0.0211410061J.Y+0.0498673469j.Y

IF (X .Gr. 0.) THEN
CSND,-1. -P

ELSE
CSNI=

END IF
RE~TURN

END*.

so.
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APPENDIX E. OPTIMIZING H PROCEDURE FOR THE TRUNCATED GAUSSIAN KERNEL

* OPTIMIZING H PROCEDURE FOR TRUNCATED GAUSSIAN KERNEL **t

* PURPOSE: THE PURPOSE OF THIS PROCRAM IS TO OBTAIN A SATISFACTORY VALUE *
FOR THE TRUNCATED GAUSS I AN KERNEL'S H. THE RECURS I VE NETHOD

* EVPLOYED IS OUTLINED BY RICHARD A. TAYLOR AND JAI&ES R. THCKFSON -
a ON PP. 57-67 OF THEIR BOOK NONPARAMETRIC PROBABILITY DENSITY *

* ESTIMATION (BALTINMDRE, NO: THE JOHN HOPKINS UNIVERSITY PRESS, *

* 1978).

* FILES: BELON IS A BRIEF SYNOPSIS OF THE EXPECTED CONTENTS FOR THE .
* FILE DATA. a

* DATA: ON THE FIRST LINE OF THIS FILE SHOULD BE THE NLIBER a
* OF SAIVPLE VALUES CONTAINED IN THIS FILE. ON THE
* FOLLOWING LINES SHOULD BE THE SAMPLE VALUES ONE PER a

LINE.

PROGRAM TRUNCGH(DATA, IN'PUT,OUTPUT)

* SPECIFICATION AND DATA STATEMNTS

INTEGER K, N, TOTAL
REAL AB, BOTTOM, C, DIFF, F, H, N0H, STEP, TOP, Z
DIMENSION X(1000), Z(1000), F(1000)
DIMENSION IRAY(6)
DATA IRAY/6a -0/

* SET PRINT LIMIT TO ZERO, AND CALL SYSTVC TO INHIBIT PRINTING

* OF ERROR 115

IRAY( 4 ),o
CALL SYSTLW,( 115, IRAY)

* OPENING THE FILES

OPEN(UNIT-,, FILE-'DATA', STATUS='OLD')
REWIND 1
OPEN(UNIT=-5, FILEW' INPUT')
OPEN(UNIT=6, FILE'OUTPUT')

:-97* SETTING THE CONSTANTS.

TOTAL - 0
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K- 500

* READING FROMI THE FILES

CALL VALUES(X,N,H,K,BOTTCM,TOP,STEP,DIFF)

• EI4LOYING THE OPTIMIZING H PROCEDURE OUMLINED BY RICHARD A. TAPIA
* AND JANES R. THCUPSON IN THEIR BOCK NONPARANETRIC PROBABILITY DENSITY

* ESTIMATION, BALTIMDRE, NO: THE JOHNJ HOPKINS LNIVERSITY PRESS. 1978, .L
eP. So.

MPiITE(8,'V( GUESS FOR H:")')
'ARITE(6,101) H

101 FORM&AT(FIS.5)
C - Nee(-0.2)

DO i0 1- 1, TOTAL
CALL ABF(X, Z, F, AB, N, H, K, BOTTOM, TOP, STEP)
AH - C * AB

IF ( ABS(E'-AIH-H) LT. DIFF ) THEN *

ARITE(6,100) DIFF
100 FORMAT( 'AN ACCEPTABLE H WITHIN ',FI5. 10, IS')

%RITE(G, 101) NE'M-
GOTO 20

END IF
IF (NEVAI LT. DIFF) THEN

ARITE(6, '(-DIRAC SPIKE-)'),--

COTO 20
END IF
VRITE(6,' ("H:" )'
VRITE(, ) (6, . .NE.

H - IN"M

10 CONTINUE

* 20 D

• THIS SUBROLNTINE READS THE VALLES FROM THE FILE DATA AND I(NLT.

SUBROU"TINE VALLES (X,N,H,K, BOTTf, TOP, STEP ,DIFF)

REAL MIN, AX
DIMENSION K(1000)

READ(1,102) N
102 FOMAtT( I10) 

V-4

MIN m I.0El0
.,AX = 1. OE-10
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DO 30 I- 1, N

READ(1,103) X(I)
" 103 FOFMAT(F10.0 )

IF ( X(I) .GT. MAX ) THiLN

MAX - X(I)
END I F
IF ( X(I) .LT. MIN ) THEN
MIN - X(I)

0 IF
30 CONTINUE

IF ( MIN .LT. 0.) THEN
MIN - 0.

END I F

WRITE(6,'("OPTIMIZING H FOR THE TRUNCATED GAUSSIAN KERNEL")')

VRITE(6,'(CHOOSING THE INITIAL H VALUE TO BE THE SAMPLE-)')

VVRITE(8,'("RANGE GUARANTEES THE CONVERGENCE OF THIS ITERA-")')
VRITE(6,'("TIVE SEQUENCE TO THE LARGEST NON-NEGATIVE")')

VRITE(6,'(-SOLUTION. THE RANGE OF THIS SANFLE IS-)')
VRITE(6,*) MAX - MIN

RITE(6,'(" INPUT A GUESS FOR H, THE SNVOTHING PARAMETER.")')

READ(5,e) H
MRITE(6. ' "INPUT THE MINIMIM ACCEPTABLE DIFFERENCE BETAEEN")')

WRITE(6, '("THE SUCCESSIVE H VALUES. A RECENDED DIFFER--)')
'ARITE(6,'("ENCE IS 1.OE-5-)')
READ(S,.) DIFF
WRITE(6,'I(THE ITERATIVE H VALUES ARE")')

BOTTM- MIN
TOP -M UX + 3.*H

STEP -( TOP - BOTCT' )/FLOAT(K)

* THIS SUBROUTINE APPROXIMATES TAPIA AND THI-OWtSON'S ALPHA*BETA VALUE

, (I.E., AB).

SUBROUTINE ABF(X,ZF,AB,NH,K,BOTTCM,4TOP.STEP)

DIMENSION X(1000), Z(1000), F(1000)

ALPHA1 - (0.7764)*(-2.5)
ALPHA2 -(0-8913)*'(-2.5)
Al --ALPHAI/(SQRT(2.*3.1416)*(H**3)* )
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A2 ,LPHA2SQRT(0.5)/(SRT(3.1416)*N*(H**2))

DO 40 Rmw BOrCM, TOP, STEP
F(I) - 0.
Z(I) -R
DO 50 J - 1,N
Y - (Z(I) - X(J))/H
IF (X(J) .GE. (3.11)) THEN
F(I) - F(I) + Al 0 EXP(-O.S.Y'Y) *(Y*Y 1.)

ELSE
F(I) F(I) + A2 0 EXP(-O.S.Y*Y)s (Y.Y - 1).

END IF
s0 CONT INUE

F() )- F( I).F( I)
II +1

40 CONTrI NUE

* CALCULATING THE BETA VALUE OF AB BY SINVSON'S 1/3 RLE OVER 2
*S SUB I 'IEVAL S

AB -0.
S - STEP/3.
*DO 80 1 - 1, K-2, 2

AB -AB + S s (F(I) +(4..F(I+1)) +F(1+2))

* 80 CONT INUWE I

AB - kB**(-0.2)

END
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APPENDLK F. MODE CENTERING LOGNORMAL KERNEL

* ,NWDE CENTERING LOGNORMAL KERNEL *
* - a *.; ..

* PURPOSE: THIS PROGRAM WILL C(&PUTE THE PROBABILITY DENSITY *
* FUNCTION AND ITS ASSOCIATED CtM.LATIVE DISTRIBLTON FUNCTION -
" BY USING A NODE CEINIEING LOGNOMI4AL KERNEL. DUE TO THE MATHE -.

a &MATICAL CONSTRAINTS OF THE LOGNORMAL KERNEL ALL DATA SAMPLE .

* VbALUES WST BE STRICTLY POSITIVE. "

• FILES: BELW IS A BRIEF DESCRIPTION OF EACH FILE'S EXPECTED CONrNTS..
a a

a DATA: ON THE FIRST LINE OF THIS FILE SHOULD BE THE .

a SANFLE SIZE, N. ON THE FOLLOWING LINES SHOULD "

a BE THE SAMLE VALUES ONE PER LINE. -

a PDF: THE NORMALIZED PROBABILITY DENSITY FUNCTION a

a CDF: THE CLILATIVE DISTrIBLTIGN FUNCTION -

PROGRAM NDELOG( DATA, PDF, CDF)

• SPECIFICATION AND DATA STATVlENTS

INTEGER I, J, K, N
REAL BOTTM, F, FHAT, H, MAX, MIN, R, S, STEP, TOP, X, Z

DINENSION F(1O00), X(1000), Z(1000) r
DINENSION IRAY(6)
DATA IRAY/6* -0/

a SET PRINT LIMIT TO ZERO, AND CALL SYSTEM r TO INHIBIT PRINTING

* OF ERROR I15

IRAY( 4 )=0
CALL SYSTEM 115, IRAY)

a OPENING THE FILES

OPEN( NIT-1 ,FILE-'DATA' ,STATUS='OLD')
REWIND I
OPEN(UNlIT=2,FILE)='PDF ,STATUS='NEW')

REWIND11 2
OPEN( UNIT-3 ,FILE-' CDF' , STATUS-' NEW') .....

REWIND 3 , S
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* READING DATA FROM INPUT FILES

READ(1,100) N
100 FORMhT(I15)

MAX - 0.

MIN = 0.
DO 10 I1,N

READ(1,') X(I)
IF ( X(I) .Gr. -M ) THEN
mAx mmX(I)

ELSE

IF ( X(I) .LT. MIN) THEN A
MIN - X(I)

EM IF
&ND I F"'.-10 CONTINUE

* DETERMINING USER REQUIREI ENTS

MRITE({,'("THE SAMPLE VALUES RANGE FROM")')

WRITE(*, ) MIN

'ARITE(*,) MAX -:

AR ITE(• '("INPUT THE FIRST NON-NEGATIVE POINT AT VMICH")')
VARITE(*, '("THE DENSITY ESTIMATE WILL BE CONJPLTED.'")')

15 READ(.,,) BOTTOM
IF (BOTTCM .LE. 0) THEN

%WRITE(*,'(*THIS VALUE MUST BE GREATER THAN ZERO.")')
WRITE({,,'("PLEASE INPUT A NEW VALUE." '') L')
GOTO Is-.>

%Z IF
SR ITE{*, '({ "I.N'T THE LAST NON-NEGATIVE POINT AT Nm-IICH")')

MRITE(, '(THE DENSITY ESTIMATE WILL BE C(MPFW7ED.")')
.25 READ(*,*) TOP

IF (TOP .LT. BOTTOM) THEN

WRITE(*. '("THIS LAST VALUE MUST EXCEED THE FIRST VALUE.")')
WRITE(, '('PLEASE INPLT A NEW VALUE.")')

GOTO '25

ED IF

- RITE( , '(" IPUT THE SIZE SPACING AT \%HICH KERNEL DENSITY")')
VEIITE(*,'('ESTIMATES ARE DESIRED. FOR EXI&PLE, IF THE"))
.*RITE(*,'"RANCE FOR THE SAMIPLE IS 50.0 TII1,' A SIZE SPAC[N-')J
" RITE(-,'"EQ AL TO 0.10 NW)ULD PRODUCE DENSITY ESTIMtTES"'')

ARITE(..' "AT 0.1, 0.2. 0.3. S.))') -
35 READ(*,s) STEP

IF (STEP LE. 0) THEN
\VRITE(-,'('SIZE SPACING .%'ST BE GREATER THAUN 0 )')

~90 g.oi:
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WVRITE(*, '("PLEASE IfOUT A NEW VALUE.")')

GOTO 35
END IF
VRITE(.,'("INPTrr A VALUE FOR H, THE SM)OnHING PARNETER."')

45 READ(*,*) H
IF (H .LE. 0) THEN

WRITE(s, '("H MUST BE GREATER THAN 0.")') ,-,,\-

IWRITE(s,'("PLEASE INPUT A NEW VALUE.")')
GOTO 45

EF I"F

- CALCULATING AND STORING F, THE NORM4LIZED PROBABILITY DENSITY FUNCTION

DO 20 I*- STEP, TOP, STEP

F(I) -0.0
DO 30 J- 1,N

A = (LOG(R)-H*H-LOG(X(J)))**2

F(I)- F(I) + EXP(-0.5*A/H**2)
30 CONTINUE

F(I) F(I)/(SQRT(2.*3.1416) 'H s R * FLOAT(N) )

Z(I) -R
VRITE(2,102) Z(I), F(I)

102 FOFRT('2FI5.10)
I = + I "-

20 CONTIN'E

NU:ERICALLY CALCUL.ATING AND STORING FHAT. THE C..U%.LATIVE DISTRIBUL'ION

F NCTION, BY USING SIMPSON'S 1/3 RULE OVER 2 SUBINTRVALS

K- INT((TOP - BO7M)/STEP)
S - ABS(Z(K.I)/K)/3.

FHAT = 0.0
DO 40 I- 1, K-2. 2

FHAT =FHAT + (S s (F(I) + (4*F(I+I)) + F(1+2)))

WRITE(3,1021) Z(I), FHAT
40 CONT IfNt7E

9-
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APPENDLX G. MEDIAN CENTERING LOGNORMAL KERNEL

i * NED[AN CENTERING LOG4RMAL KERNEL * "*i

* PURPOSE: THIS PROGRAM WILL CCkPUTE THE PROBABILITY DENSITY a
FLNCTION AND ITS ASSOCIATED CL.vJLATIVE DISTRIBUTION FUNCTION *

' BY US ING A ,ZVEDIAN CENTERING LO(')R'MAL KERNEL. DUE TO THE *
• MAIEMATICAL CONSTRAINTS OF THE LOGNURMAL KERNEL ALL DATA *

"- • SAMPLE VALUES WTST BE STRICTLY POSITIVE. -

* FILES: BELOW IS A BRIEF DESCRIPTION OF EACH FILE'S EXPECTED CONTEINTS..

DATA: ON THE FIRST LINE OF THIS FILE SHOULD BE THE SAAlPLE*

SIZE, N. ON THE FOLLOWING LINES SHOULD BE THE .

* SAMPLE VALUES ONE PER LINE. 0

• PDF: THE NOIRWLLIZED PROBABILITY DENSITY FUNCTION

0 CDF: THE CLINLATIVE DISTRIBUTION FUNCTION -

PROGR1AM NJEDLOGj(DATA, PDF ,CDF)

* SPECIFICATION AND DATA STAT ETS -

INTEGER I. J, K, N
REAL BOTTOM, F, FHAT, H, MA1X, MIN, R, S. STEP, TOP, X, Z

DIMENSION F(1000), X(1000.2). Z(1000)

DIMENSION IRAY(6)

DATA IRAY/6. -0/

• SET PRINT LIMIT TO ZERO, AND CALL SYSTEWt TO INHIBIT PRINTING

• OF ERROR 115

IRAY( 4 )-)

CALL SYSTE( 1,5. [RAY)

* OPENING THE FILES

OPEN(LNIT=1 , FILE='DATA' , STATUS=-'OLD')
REWIN,4D I

OPEN(,NIT='2,FILE'PDF' . STATUS=NEW' )
REWIND 2

OPEN(ULN I T-3. F I LE=' CDF' ,STATUS--NV') r
REWIND 3

PRVOIJS P"AG
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aREADING DATA FRCM~ THE INPUT FILES

* VRITE(*.,'(* INPUT A VALUE FOR~ H, THE SNI)OMIN PARANvETrj.",)')
5 READ(*,*) H

IF (H .LE. 0) TIEN
'RITE(s,'V*H W5ST BE GREATER THAN 0.')')
%%RITE($, '("PLEASE INPUT A NEW VALLE.')?)
GOTO 5

END I F
READ(1,100) N

*100 FORMAT(I 10)
VX- 0.0

MIN - 0.0

DO 10 1-1 ,N

READ(1a-) X(I.1)
IF ( X(I.1) .GT. MAX )THEN

IL X X(1, 1)

ELSE
I F ( X(l.1) .LT. MIN) THEN
MIN = X( 1.1)

END IF
END IF
X(I.2) =LOG( .5a(1.±SQRT(1.+(2..Hl/X( I.1))**2)))

10 CONTINUE

sDETE1F4INING USER REQUIPRN;Ts

%IRITE(*. '("THE SAM'LE VALUES RAINE FRf-Ar)' I
i4RLTE(*, s) MIN
'ARITE(', ' (*TO") '

%%RITE(*, t) W4X
VvRITE(*, '("INPUT THE F IRST NON-.%j-GA7T.IVE PO INTv AT A41 I C")'
VRITE(*. '("THE DENSITY ESTUNATE WILL BE 0AUVTED.-)')

15 READ(*,*) BOTI M
IF (BOT M .LE. 0) THEN

VRITE(s, '("THIS VALUE \IJST BE GRlEATER THAN ZERO.")
%RITE(*,'("PLEASE INPUT ANEW VALUE.>V
cam1' 15

D IF
V.RITE(*, '(" INPUT THE LAST POINT AT 'HICW1)')
%%R ITE4* '"TH DENS ITY ESTI[MATE WI LL BE CONPf.ED)

* 25 READ(o..) TOP..-
IF (TOP .LT. BOTCMI) THEN

NR I TE (.,s "TH IS LAS T VALUE WIS T EXCEED THE F IRS T VAL LE.")'
NNRITE o, '("PLEAISE I.NPUT A NEW VALUE.'V
GOTO 25

END IF
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VMRITE(*. (" INPUT THE SIZE SPACING AT WVHICH KERNEL DENSITY")')
%~RITE(*,'('ESTIM4TES ARE DESIRED. FOR EXAMVPLE, IF THE'V)
1 RITE(*,'('RANGE FOR THE SAWdLE IS 50.0 IIEN A SIZE SPACING")')
VMRITE(.,'(wEQUAL TO 0.10 W)ULD PRODUCE DENSITY ESTINKTES")')
VRITE(s,'(*AT 0.1, 0.2, 0.3,...,5O.0.))

35 READ(*,*) STEP
IF (STEP .LE. 0) THE4N

%hRITE(a,'(*SIZE SPACING %MJST BE CREATER THAN 0.')')
%RITE(*, '("PLEASE INPUT A INEW VALUE.-)')
GOTO 35

L "0D IF

* .CALCULATING AMl STORING F, THE NMtkLIZED PROBABILITY DENSITY FUCTION

DO 20 R BO1TOM. TOP, STEP
F(J) -0.

DO 30 1- 1,N
A - EXP( .0. 5LOG(R/X(1, 1) ) '.2/X(1,2))
F(J) - F(J) + A/'SQRtT(X(I,2))

*30 CONT INUE
F(J) F(J)/(SrT(2.03.1416).R)/FLOAT(N)
Z(J) - R
'ARITE(2,102) Z(J), F(J)

102 FORMAT(2FIS.l0)
J- +1

20 CONTINUE

NtNERICALLY CALCULATING FHAT, THE CUWJULATIVE DISTRIBUTION FUNCTION, BY
USING SlNLVSON'S 1/3 RULE OVER 2 SUB3INTERVALS

K - INT((TOP - BOTT'M) /STEP)
S -ABS(Z(K-l)/K)/3.
PHAT - 0.0
DO 401-=1, K-2, 2
FHAT ==FHAT + (S-(F(I) +~ (4.F(1+1)) +F(1+2)))

ViiITE(3,102) Z(1). FHiAT

40 CONTINUE

'J
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